A NOTE ON LOCAL WELL-POSEDNESS OF GENERALIZED KDV 
TYPE EQUATIONS WITH DISSIPATIVE PERTURBATIONS 
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Abstract. In this note we report local well-posedness results for the initial value prob- 
lems (IVPs) associated to generalized KdV type equations with dissipative perturbation 
for given data in the low regularity i 2 -based Sobolev spaces. The method of proof is 
based on the contraction mapping principle employed in some appropriate time weighted 
spaces. 



1. Introduction 

In this brief note we are interested in reporting well-posedness results for the initial value 
problems (IVPs) associated to generalized Korteweg-de Vries (KdV) type equations with 
dissipative perturbations, viz., 



and 



v t + v xxx + r]Lv + {v k+1 ) x = 0, x G K, t > 0, k G K, k > 0, 
v(x,0) = v (x), 

ut + u xxx + r]Lu + (u x ) k+1 =0, x G R, t > 0, k G E, k > 0, 
m(x,0) = u (x), 



;i.2) 



where rj > is a constant; u = u(x,t), v = v(x,t) are real valued functions and the linear 
operator L is defined via the Fourier transform by Lf(£) = —$(£)/(£)■ 
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The Fourier symbol is real valued function that is bounded from above (see Lemma 
12.31 below) and is of the form 



*(fl = -|£l p + *i(fl, (L3) 

where p G M + and < C(l + |£| 9 ) with < q < p. 

Before stating the main result of this work, we introduce some spaces and notations. As 
usual, for s6l, the L 2 -based Sobolev spaces H S {R) are defined by 

iP(R) :={/ e S'(R) : \\f\\ H . < oo}, 

where 

n/ik- := wrnhp 

with (•) = 1 + | • |, and /(£) is the usual Fourier transform given by 

/(£) = ?(/)(£) : = -1= / e-^f(x)dx. 

The factor ^= in the definition of the Fourier transform does not alter our analysis, so we 
will omit it. 

The notion of well-posedness we use is the standard one. We say that an IVP for given 
data in a Banach space X is locally well-posed, if there exists a certain time interval 
[0, T] and a unique solution depending continuously upon the initial data and the solution 
satisfies the persistence property; i.e., the solution describes a continuous curve in X in 
the time interval [0,T]. If the above properties are true for any time interval, we say that 
the IVP is globally well-posed and if any one of the above properties fails to hold we say 
that the IVP is ill-posed. 

To obtain well-posedness result to the IVPs (11.11) and (II. 2p for given data in the low 
regularity Sobolev spaces H S (R) we introduce two spaces that are suitable to handle the 
models in question. 
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3/c + 2 

Let s G R, k > 0, < t < T < 1, p > |jfe + 1 and 7 fe := — -. To deal with the IVP 

^ 2(fc + 1) 

(II. ip . we define 

:= sup {||/(t)||H.(R)+t^(||/(t)|| £a (* + i) + \\d x f(t)\\ LHk+1) + \\D s x d x f(t)\\ LW) ) 



1.4) 



te[o,T] 

and introduce a Banach space 

:= {/ G C([0,T]; : < oo}. (1.5) 

To deal with the IVP (JO}, we define 

sup {||/(t)||^+^(||4/(t)IL 2 (, + i) + ||^/(t)|| L2(fc+1 ))), (1.6) 
te[o,T] L v / J 

and introduce a next Banach space 

^ := {/ G C([0,T];/r(R)) : < oo}. (1.7) 



'T 

te[o,T] 



Motivation behind the definition of these sort of spaces is the work of Dix [14J. In our 
recent work [6], similar spaces are used to get sharp local well-posedness results for KdV 
type equations. 

Now, we state the main results of this work. 

Theorem 1.1. Let rj > be fixed, k > and be as given by (11. 3p with p > \k + 1 
as the order of the leading term, then the IVP (II. ip is locally well-posed for any data 
Vq G H s (R), whenever s > — 1. Moreover, the map v y v(t) is smooth from H S (R) to 
C([0,T};H s (R))r\X s T . 

Theorem 1.2. Let rj > be fixed, k > and be as given by (II. 3p iuift p > |/c + 1 
as the order of the leading term, then the IVP (II. 2p is locally well-posed for any data 
Uq G H s (R), whenever s > 0. Moreover, the map w H- u(t) is smooth from H S (R) to 
C([0,T];H s (R))ny s T . 

Remark 1.3. The results in Theorems li.il and improve the known well-posedness 
results for the IVPs ( II. ip and ( II. 2p proved in [7] . However, in view of our recent work [B] , 
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we believe that there is still room to get better results than the ones presented here. Due 
to the presence of higher order nonlinearity, the time weighted spaces introduced in [6J are 
not good enough in this case. So, one expects to introduce some new sort of spaces to cater 
higher order nonlinearity. Currently, we are working in this direction. 

A detailed explanation about the particular examples that belong to the class considered 
in (11. ip and (11.21) and the known well-posedness results about them are presented in our 
earlier works [6j [7J . For the sake of completeness, we reproduce explanation from [6j [7J as 
follows. 

The first examples belonging to the classes (11.11) and (II. 2p are 

\vt + v xxx - r)CKv x + Hv xxx ) + (v k+1 ) x = 0, x E E, t > 0, k E Z+ 

< (1.8) 

I v (x,0) = v (x), 

and 

I ut + u xxx - ri(Ku x + ! Ku xxx ) + (u x ) k+1 = 0, x E R, t > 0, k E Z+, 

< (1.9) 

I u(x, 0) = Uq(x), 

respectively, where !K denotes the Hilbert transform defined via the Fourier transform 
3^9(0 = —isgV-iOdiOi u = u(x,t), v = v(x,t) are real-valued functions and r\ > is a 
constant. 

The equation in (11.81) with k = 1 was derived by Ostrovsky et. al. [20J to describe the 
radiational instability of long waves in a stratified shear flow. Carvajal and Scialom [9] 
considered the I VP (11.81) and proved the local well-posedness results for given data in H s , 
s > when k = 1,2,3. They also obtained an a priori estimate for given data in L 2 (M) 
there by proving global well-posedness result. These results are further improved in our 
recent work [7j (see also [8]) where we proved that the IVPs (11.11) and (11.21) (with k = 1) for 
given data in H S {R) are locally well-posed whenever s > — | and s > ? respectively. The 
IVPs (II. ip and (11.21) with k = 2, 3, 4 were also considered in [7J to get local well-posedness 
results respectively for s > |, — 1,0 and s > |, |, 1. To obtain these results we followed 
the techniques developed by Bourgain [S] and Kenig, Ponce and Vega [IB] (see also [2"3]). 
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The main ingredients in the proof are estimates of the integral equation associated to an 
extended IVP that is defined for all t e R. The principal tool in [7] and [8] is the use 
of the usual Bourgain space associated to the KdV equation instead of that associated to 
the linear part of the IVPs ( II .ip and (II. 2p . The earlier well-posedness results for (11.81) can 
be found in [I], where for given data in H S (M), local well-posedness when s > 1/2 and 
global well-posedness when s > 1 have been proved. In [1J, IVP (II. 9p is also considered to 
prove global well-posedness for given data in H S {R), s > 1. The best local well-posedness 
result for the IVP (II. 8p with k = 1 was obtained by Zhao and Cui [25], in H S (M>), s > — 1. 
For, modified KdV equation with dissipative perturbation of degree < p < 3, we refer 
to the work of Chen et. al. in [T2] (see also [UJ for p = 2), where the authors prove local 
well-posedness for s > — \ — | using Fourier transform restriction norm spaces on the basis 
of the [k; Z]-multiplier norm estimate obtained by Tao [23]. For the well-posedness issues 
in the periodic setting we refer to [10] where the authors prove that the IVP (II. ip is locally 
well-posed in H S (T), s > — |. 

Another two models that fit in the classes (11.21) and (II. ip respectively are the Korteweg- 
de Vries-Kuramoto Sivashinsky (KdV-KS) equation 



where u = u(x,t), v = v(x,t) are real-valued functions and rj > is a constant. 

The KdV-KS equation arises as a model for long waves in a viscous fluid flowing down 
an inclined plane and also describes drift waves in a plasma (see [T31 El]). The KdV-KS 
equation is very interesting in the sense that it combines the dispersive characteristics of the 
Korteweg-de Vries equation and dissipative characteristics of the Kuramoto-Sivashinsky 
equation. Also, it is worth noticing that (11.111) is a particular case of the Benney-Lin 




(1.10) 



and its derivative equation 




(1.11) 
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equation [21121]; i-e., 

ih + v xxx + r)(v xx + v xxxx ) + (3v xxxxx + vv x = 0, x e R, t > 0, 

(1.12) 

f (x, 0) = woO), 
when /3 = 0. 

The IVPs (11.101) and (II. lip were studied by Biagioni, Bona, Iorio and Scialom [3]. The 
authors in [3] proved that the IVPs (11.101) and (11.111) are locally well-posed for given data in 
H s , s > 1 with rj > 0. They also constructed appropriate a priori estimates and used them 
to prove global well-posedness too. The limiting behavior of solutions as the dissipation 
tends to zero (i.e., 77 — ^ 0) has also been studied in [3]. Recently work of Molinet [17] 
treats this type of limit in low regularity Sobolev spaces. More precisely, the author in 
[T7j . studied the limiting behavior of the solutions to the Benjamin-Ono-Burguers equation 

Ut + Jiu xx — eu xx — uu x = 0, 

as the positive coefficient e — > 0. He was able to prove that the solutions to this equation 
converge in C([0, T]; if 1 / 2 (IR)) towards the solutions of the Benjamin-Ono equation for any 
fixed T > 0. 

The IVP (I1.12p associated to the Benney-Lin equation is also widely studied in the 
literature [21111 El]- Regarding well-posedness issues for the IVP (I1.12p the work of Biagioni 
and Linares [1] is worth mentioning, where they proved global well-posedness for given data 
in L 2 (R). For the sharp well-posedness result for the KdV-KS equation we refer to the 
recent work of Pilod in [21] where the author proved local well-posedness in H S (M.) for 
s > — 1 and ill-posedness for s < — 1. 

This paper is organized as follows: In Section [21 we prove some linear and nonlinear 
estimates. Section [3] is dedicated to prove the main results. 

2. Basic estimates 

In this section we derive some linear and nonlinear estimates that will be used to prove 
main results of this work. Consider the IVP associated to the linear parts of (11.11) and 
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(O, 

Wt + Wxxx + V Lw = 0, X, t > 0, 

(2.1) 

iu(0) = w . 

The solution to (12 .ip is given by w(x,t) = V(t)w (x) where the semi-group V(t) is defined 
as 

V^Vo(0 = e^ 3+ ^w (0- (2-2) 
In what follows, we prove some estimates satisfied by the group defined in (12. 2p . We start 
with the following lemmas. 

Lemma 2.1 (Hausdorff- Young). Let pi > 2 and ^- + ^ = 1. TTten 

ll/IUn <C||/|U. (2.3) 
Lemma 2.2. There exists M > /arge suc/i i/iai for all |£| > M, one /ias t/iat 

$(o = -ier+$i(o<-i, (2.4) 

'^'<i, (2.5) 



Kl p "2 
and 

1^(01 >^-- (2-6) 
Proof. The inequalities (12. 4p and ( 12. 5 p are direct consequences of 

lim £lf±i = and Um%P=0, 

respectively. 

The estimate flZB]) follows from (T23D and (j2T5]l . In fact, for |f | > M 

\m\ = ier-^(o>^, (2.7) 

and this concludes the proof of the (12.61) . □ 

Lemma 2.3. The Fourier symbol $(£) given by (II. 3p bounded from above and the 
following estimate holds true 

\\e tm \\ L ~ <e T ° M . (2.8) 
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Proof. From Lemma 12.21 there is M > 1 large enough such that for |£| > M one has 
$(0 < -1. Consequently, e m ^) < e -t < 1. Now for |f | < M, it is easy to get $(£) < C M , 
so that e**^ < e TChI . Therefore, in any case the estimate (I2.8P holds true. □ 

Lemma 2.4. Let < t < T < 1, k > and p > |A; + 1, we have 

t p \\d x V(t)w \\ L 2 (k+ i } < C\\w \\ L2 (2.9) 

and 

t? \\V(t)w \\ L 2 (k+ i) < C\\W \\ L 2. (2.10) 

Proof. By Hausdorff- Young and Holder inequalities, we obtain 

\\d x V{t)w \\ LHk+1) < C\\e^^\\ <C\\e^a 2(k +» ||^|| r ,2. (2.11) 

L 2fc+i L E 

Let M as in Lemma [2.21 then we have 



||£e*«5|| 3fl±u < ll^ (e) X{| ? |<M}|| r + ||^ (€) X { | ? |>m } |I^ 



, , , 2(fc+l) + ffc+l\|£|p N 2 ( fc +l) 

<c A /+ / lei * e-*<— >i*i*de 



(2.12) 



Using a change of variable t 1//p £ := x, we get 

|fce»®|| 2(fc+1) < C M + 4 f / M^e-^)N^ ^ . (2.13) 

Since the integral in (I2.13P is finite, inserting (I2.13P in (12. lip and multiplying by t p 
we get the required estimate (12. 9p . The proof of estimate (12.101) is very similar to that of 
(12. 9p . so we omit the details. □ 

Lemma 2.5. Let V(t) be as defined in f|2T2|) . <t <T < 1, k > and p > ~k + 1 then 
for all s G M, we have 

\\V(t)w \\ X s T < C\\w \\ HS (2.14) 

and 

\\V(t)w \\ v . < C\\w \\ H s. (2.15) 
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Proof. We give a detailed proof for (I2.14p . the proof of (I2.15P follows similarly. We start 
with the first component of X^-norm. We have that 

\\V(t)w \\ H s = \\(O s e tm w (0\\Li < lle^HzHKH^. (2.16) 
Using in fl2HSD, w e get 

\\V{t)w \\ H s <e TCM \\w \\ H s. (2.17) 
For the next component of the X^-norm, we use (12. 9ft from Lemma [2 A\ to obtain 

t^\\D s x d x V{t)w4 LW) = t^\\d x V{t){D s x w )\\ L , (k+ x) < C\\D x w \\ L 2. (2.18) 
From fl2.1Up in Lemma [231 we have 

t p \\V(t)w \\ LW) <C\\w \\v. (2.19) 

Combining fl2TT7j) . f l2TT8|) and fl2TT9|) we get the required estimate f l2TT4"j) . □ 

Lemma 2.6. Let V(t) be as defined in (12. 2p . 0<£<T<1, /c>0 and p > §& + 1 ; then 



the following estimates hold true. 



V(t-T)d x (v k+l ){r)dr 



<T Uk \\v\\ii\ Vs>-1, 



and 



V{t-r){d x u) k+ \r)dr 



<T UJk \\u\\ k l + 1 Vs>0, 



(2.20) 



(2.21) 



where co k = 2p ~^~ 2 > 0. 



Proof. By using (I2.14p from Lemma I2.5[ we get 



V{t-r)d x {v k+l ){r)dT < I \\d x (v k+i )(r)dr\\ H . 



T JO 



<C I (\\d x (v k+1 )\\ L2 + \\D s x d x (v k+1 )\\ L ,)dr 

>o (2.22) 

<C I \\d x {v k+l )\\ L ,dT + ! \\D x (v k+1 )\\ L2 dT 



--■■h + h, 



10 X. CARVAJAL, M. PANTHEE 

where s = 1 + s. In what follows, we will obtain an estimate for I2. Now, using fractional 
chain rule (see Tao [22J (A. 15) page 338), for s > 0, i.e., for s > —1, we have 



<C\\v 



<C\\v 



v || 2 (fc+i) \\D*v 
1 1 



'2 ^ ^ / || | 2(fc+l) ||-l>yC7|| T 2(fc+l) 

'0 



i)<ir 



ifc+i 

Cf, / k lk 2k. 

'0 r ~ r p 



(2.23) 



ifc+i 



3fc+2 



fir 



r 2 p 



^C^HI^T^. 



The estimate for 1\ will follow from that of I2 considering s = 0. In fact, 



h < C \\v k \\ 2(fc+i) ||<9 x t>H T2(k+i)dr < C \\v 



, ,\ k xt -^wdr<C p>h \\v\\^T^. (2.24) 

'0 ^ Jo r 2 p 

Inserting estimates (12.231) and (I2.24p in (I2.22p we obtain the required estimate (I2.20p . 

Now, we move to prove the estimate (12.211) . By using (12.151) from Lemma 12.51 and 

fractional chain rule as in (I2.23p . for s > 0, we get 



V{t-r){d x u) k+ \r)dT 



< c 

) 3 t Jo 



r 



u, 



\k+l\ 



\k+l 
\ L 2(k 



L 2 + \\D s x {u x ) k+l \\ L 2)dr 



i+i) + HC^.x) fc H 2( fc +i) \\Di{u T )\\ T 2( k+ i)\ dr 

Li / 

< C \\u\\\f f -^dr + C \\u\%f f 4r "4^ 

JO f J, JO T v T p 



<C\\u 



\k+l 



Sfe+2 



dr 



T 2 P 



< C , ll?/ll fe+1 T u;fc 
_ ^p,k II u II y s ± 1 



as required. 



(2.25) 

□ 



3. Proof of the main results 



Having the linear and nonlinear estimates at hand from previous section, now we provide 
proof of the main results of this work. 
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Proof of Theorem \1.1[ Now consider the IVP (11.11) in its equivalent integral form 



t 



v(t) = V(t)v - / V(t-r)d x (v k+L )(r)dr, (3.1) 



o 



where V(t) is the semi-group associated with the linear part given by (12. 2p . 
We define an application 



t 



*(v)(t) = V(t)u - V(t- r)d x (v k+1 )(r)dr. (3.2) 
Jo 

For s > — 1, r > and < T < 1, let us define a ball 

B? = {feY°; H/IU5, < r}. 

We will prove that there exists r > and < T < 1 such that the application \I/ maps Bj 
into and is a contraction. Let v G Bj . By using the estimate (12.141) from Lemma [2.51 
and the estimate (12.201) from Lemma I2.6[ we get 



ll^llx^Clhll^+C^I^Hg 1 . (3.3) 



where u k = > 0. 

Now, using the definition of Bj, one obtains 

\\^{v)\\ X s T < r l + cT^r k+1 < r -, (3.4) 

where we have chosen r = 4c||t>o||_fp and cT ulk r k = 1/4. Therefore, from (13. 4p we see 
that the application \1/ maps Bj into itself. A similar argument proves that \1/ is a con- 
traction. Hence ^ has a fixed point v which is a solution of the IVP (II .ip such that 
v G C([0, T], .£P(IR)). The rest of the proof follows from standard argument, see for exam- 
ple ps]. □ 



Proof of Theorem \1.2 . Proof of this theorem is very similar to that of Theorem ll.il In this 
case, we use the estimate (I2.15P from Lemma 12.51 and estimate (I2.2ip from Lemma 12.61 to 
perform the contraction mapping argument. So, we omit the details. □ 
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